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Table 2.1 

Betting  
Strategy Bet Size

Expected  
Outcome

Probability of  
Hitting Max  

Payout
Probability of 

Going Bust

5% $218 70% 0%

10% $241 94% 0%

20% $237 94% 0%

Constant Fractional

Constant Fractional

Constant Fractional

Constant Fractional 40% $176 70% 0%

Constant Absolute $4 $213 59% 7%

Doubling Down $2.5 $72 29% 40%

0%

5%

10%

15%

20%

25%

30%

35%

Bust <$2 owD n but not out:
$2–$25

Poor showing:
$25–$100

Better but not great:
$100–$200

Maxed out >$200

Exhibit 2.1 Summary of Coin Flipper Performance: Betting on a Coin with 

Disclosed Bias Toward Heads of 60%, $25 Starting Stake, $250 Maximum Payout
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Size Matters When It’s for Real	

Table 3.1  Calculating Expected Payout

Number of 
“Heads” Flips

Number of
“Tails” Flips Probability

Ending
Wealth

Probability  
× Wealth

0 5 1.0% $590,490 $6,047

1 4 7.7% $721,710 $55,427

2 3 23.0% $882,090 $203,234

3 2 34.6% $1,078,110 $372,595

4 1 25.9% $1,317,690 $341,565

5 0 7.8% $1,610,510 $125,233

Expected Payout 100.0% $1,104,081

Table 3.2 Expected Wealth Over a Range of Betting Fractions

Betting Fraction
Expected Wealth  

After 25 flips

1% $1,051,219

5% $1,282,432

10% $1,640,606

20% $2,665,836

30% $4,291,871

40% $6,848,745

50% $10,834,706

75% $32,918,953

100% $95,396,217
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Size Matters When It’s for Real 

Table 3.3 Most Likely Wealth Over a Range of Betting Fractions

Betting Fraction
Most Likely (Median)  
Wealth After 25 flips

1% $1,049,960

5% $1,244,731

10% $1,456,516

20% $1,654,316

30% $1,445,875

40% $940,661

50% $427,631

75% $4,217

100% $0

Exhibit 3.1 Illustration of volatility drag
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Table 3.4 Betting “Heads” on 25 Flips of a 60/40 Biased Coin, $1mm 

Starting Wealth

Bet Size (% of  

Wealth)

1% 5% 10% 20% 40%

Probability of losing 

80% or more of 

starting wealth

Impossible Impossible 0.005% 3% 27%

Probability of losing 

50% or more of 

starting wealth

Impossible 0.03% 3% 15% 41%

End wealth from  

winning 13/25  

flips

$1,008,789 $1,018,930 $975,023 $732,252 $172,774

End wealth from  

winning 15/25  

flips (median  

outcome)

$1,049,960 $1,244,731 $1,456,516 $1,654,316 $940,661

Expected final  

wealth

$1,051,219 $1,282,432 $1,640,606 $2,665,836 $6,848,475

Size Matters When It’s for Real 

Equation 3.1 Optimal Bet Size

k

k
2

,  which we can simplify and rearrange as:

k
2
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Exhibit 4.1  Return Versus Risk Trade-offs to Justify 60/40 Stock/Bond Alloca-

tion Using Merton Share Formula
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A Taste of the Merton Share 

k
2  where  is the expected excess return of the risky investment 

you’re considering,  is the riskiness of that investment expressed as stan-
dard deviation of returns, and  is your personal degree of risk- aversion.

Equation 4.1 The Merton Share
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How Much to Invest in the Stock Market?	
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Exhibit 5.1  Next 10-year Realized Real Return Versus Earnings Yield at Start: 

US Equities 1900–2022
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Dynamic
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End Value $1 $8.05 $5.23

Return 8.70% 6.84% 1.86%

Risk 9.67% 10.89% –1.22%

Risk-free Rate 1.58% 1.58%

Sharpe Ratio 0.78 0.54 46%

End 1997 (Start of TIPS) to end 2022

Exhibit 5.3 Excess Earnings Yield Dynamic Versus Static Asset Allocation, US 

Equities and 10-Year TIPS 1998–2022 
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End Value $1 $130,879 $22,158
Return 10.05% 8.47% 1.58%
Risk 12.45% 11.91% 0.54%
Risk-free Rate 3.55% 3.55%
Sharpe Ratio 0.58 0.47 24%

1900–2022

Exhibit 5.5  Excess Earnings Yield Dynamic Versus Static Asset Allocation: US 

Equities and 10-year TIPS 1900–2022

Haghani747918_c05.indd   55 07/06/2023   10:50:36 AM

165%

415%

665%

915%

1165%

1415%

1665%

1915%

$1

$10

$100

$1,000

$10,000

$100,000

$1,000,000

190 1
0 90 1

5 91 1
0 91 1

5 920
1925

1930
1935

1940
1945

1950
1955

1960
1965

1970
1975

1980
1985

1990
1995

2000
2005

2010
2015

2020

D
yn

am
ic

 C
um

ul
at

iv
e 

O
ut

pe
rf

or
m

an
ce

 o
f S

ta
tic

V
al

ue
 o

f $
1 

In
ve

st
ed

 L
og

ar
ith

m
ic

 S
ca

le

OutperformanceCumulative 
(RHS) 

Dynamic Static Diff

End Value $1 $376,956 $22,158
Return 11.00% 8.47% 2.53%
Risk 13.31% 11.91% 1.41%
Risk-free Rate 3.55% 3.55%

Sharpe Ratio 0.63 0.47 32%

1900–2022

Exhibit 5.6 Excess Earnings Yield Dynamic Versus Static Asset Allocation Using 

Momentum as Risk Proxy: US Equities and 10-year TIPS 1900–2022 
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The Mechanics of Choice	

U
ti

li
ty

Wealth

∆Wup

∆Uup

∆Udown

∆Wdown

W0

Exhibit 6.1  Concave Utility Curve and Decreasing Marginal Utility  

of Wealth
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Table 6.1 Expected Utility of St. Petersburg Game

Num 
Heads 
in a 
Row Probability Payoff

Prob × 
Payoff Wealth

Util(W ) 
= ln(W ) Prob × Utility

 0 50% $2 $1 $100,002 11.5129 5.75647

 4 3.125% $32 $1 $100,032 11.5132 0.35979

10 0.049% $2,048 $1 $102,048 11.5332 0.00563

20 0.000048% $2.1 mm $1 $2.2 mm 14.6027 0.00001

40 0.00000000005% $2.2 tn $1 $2.2 tn 28.4190 0.00000000001

InfinitySum of Probability × Payoff

Sum of Probability × Utility 11.51310

$100,018

$100,000

11.51293

0.00018

Wealth Equivalent to Expected Utility: e
11.51310

Starting Wealth

Utility of Starting Wealth: ln(100,000)

Increase in Utility from Playing

Maximum Amount Willing to Pay to Play $18
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Exhibit 6.2 Constant Relative Risk-aversion Utility With Different Levels of 

Individual Risk-aversion

U W
1 W1

1

where  is the parameter that dials the level of risk- aversion and W  is your 
wealth.

Equation 6.1 CRRA Utility



Table 6.2 

Probability of heads 60%

Number of Bets 25

Starting Wealth ($mm) 1

Bet Size 10%

Risk-aversion (CRRA) 2

Number of  
Winning Bets 
(Heads) Probability

Profit 
($mm)

End Wealth 
($mm)

Utility of  
End Wealth

0 0.00000001% (0.93) 0.07 –12.930

1 0.0000004% (0.91) 0.09 –10.397

2 0.00001% (0.89) 0.11 –8.325

3 0.0001% (0.87) 0.13 –6.629

4 0.0007% (0.84) 0.16 –5.242

5 0.005% (0.80) 0.20 –4.107

6 0.023% (0.76) 0.24 –3.179

7 0.092% (0.71) 0.29 –2.419

8 0.312% (0.64) 0.36 –1.797

9 0.884% (0.56) 0.44 –1.289

10 2.122% (0.47) 0.53 –0.873

11 4.341% (0.35) 0.65 –0.532

12 7.597% (0.20) 0.80 –0.254

13 11.395% (0.02) 0.98 –0.026

14 14.651% 0.19 1.19 0.161

15 16.116% 0.46 1.46 0.313

16 15.109% 0.78 1.78 0.438

17 11.998% 1.18 2.18 0.540

18 7.999% 1.66 2.66 0.624

19 4.420% 2.25 3.25 0.692

20 1.989% 2.97 3.97 0.748

21 0.710% 3.86 4.86 0.794

22 0.194% 4.93 5.93 0.831

23 0.038% 6.25 7.25 0.862

24 0.005% 7.86 8.86 0.887

25 0.0003% 9.83 10.83 0.908

Expectation 0.64 1.64 0.224
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The Mechanics of Choice 

Equation 6.2 Risk-Adjusted Return

Risk adjuste-  d Exces  s Return k
k

2

2
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Equations 6.3 and 6.4 Restating optimal investment size and Risk-adjusted 

Excess Return in terms of Sharpe ratio

k
SR

kwhere  is the optimal fraction of wealth to invest in the

risky asset, SR is the Sharpe ratio,  is the risk measured in standard 

deviation and  is the investor’s coefficient of risk- aversion.

And for the risk- adjusted excess return of the optimal portfo-

lio, we get:

Risk adjusted-  Excess Return
SR2

2

Positively 
Asymmetric Symmetric

Negatively 
Asymmetric

20% 50% 80%Probability of Profit

Probability of Loss 80% 50% 20%

Profit 45% 25% 15%

Loss –5% –15% –35%

Expected Gain 5% 5% 5%

Risk 20% 20% 20%

Sharpe Ratio 0.25 0.25 0.25

Table 6.3 Three Investments with Same Expected Gain and Risk but Vary-

ing Symmetry of Payoffs
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Table 8.1 Assumptions Needed for Expected Utility Analysis

Assumptions

5%

20%

15%

0.5%

15%

25%

100%

50%

Risk- free rate

Expected fund return with no incentive fee

Standard deviation of fund return in normal times

Annual probability of 90% fund loss

Management company expected return

Standard deviation of management company in normal times

Loss in value of management company if fund loses 90%

Fraction of total net worth in the management company

Victor’s personal degree of CRRA risk- aversion 2

5.0%

5.5%

6.0%

6.5%

7.0%

7.5%

8.0%

8.5%

9.0%

9.5%

0% 10% 0%2 30% 40% 50% 60% 70% 80% 90%

R
is

k-
ad

ju
st

ed
 P

o
rt

fo
li

o
 R

et
ur

n 
p

er
 A

n
n

u
m

Percentage of Investable Assets Invested in Fund

Optimal 
Level

Exhibit 8.1 Risk-adjusted Return as Function of Percentage of Liquid 

Wealth Invested in Fund



9

Spending and Investing 
in Retirement

Haghani747918_c09.indd   129 07/06/2023   10:55:08 AM



Table 9.1  Sam Case Study: 65 Years Old, Retired, $1mm of Savings, 20 

Years to Live, Can Only Invest in a Risk-Free Asset Paying 3% After-tax and 

Above Inflation, Discounts Future Utility of Consumption by 2% per Year, 

Has CRRA Utility with γ = 2 Risk-aversion

Age Wealth ($)
Risk-Free  

Income ($)
Spending  

(%)
Spending  

($)
Utility of  
Spending

Discounted  
Utility of  
Spending

65 1,000,000

66 965,547 30,000 6.3% 64,453 0.8448 0.8283

67 929,744 28,966 6.5% 64,769 0.8456 0.8128

68 892,551 27,892 6.8% 65,084 0.8464 0.7975

69 853,925 26,777 7.1% 65,403 0.8471 0.7826

70 813,820 25,618 7.5% 65,723 0.8478 0.7679

71 772,189 24,415 7.9% 66,045 0.8486 0.7535

72 728,986 23,166 8.3% 66,369 0.8493 0.7394

73 684,163 21,870 8.9% 66,693 0.8501 0.7255

74 637,669 20,525 9.5% 67,019 0.8508 0.7119

75 589,453 19,130 10.3% 67,346 0.8515 0.6985

76 539,462 17,684 11.1% 67,675 0.8522 0.6854

77 487,641 16,184 12.2% 68,005 0.8530 0.6725

78 433,932 14,629 13.6% 68,338 0.8537 0.6599

79 378,278 13,018 15.4% 68,672 0.8544 0.6475

80 320,617 11,348 17.7% 69,009 0.8551 0.6353

81 260,888 9,619 21.0% 69,347 0.8558 0.6234

82 199,028 7,827 25.9% 69,687 0.8565 0.6117

83 134,972 5,971 34.2% 70,028 0.8572 0.6002

84 68,652 4,049 50.6% 70,369 0.8579 0.5889

85 0 2,060 100.0% 70,711 0.8586 0.5778

Total Lifetime Spending $1,350,745

Sum of Discounted Annual Utility of Spending 13.9207
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ĉ r
r r

ra
ra tp

where

ĉ  is the long (infinite) horizon optimal spending rate,

rra is the Risk-Adjusted Return of the optimal portfolio,

rtp is the investor’s rate of time preference, and

 is the investor’s level of constant relative risk-aversion.
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Spending and Investing in Retirement 

Equation 9.1 Optimal spending to a very long horizon

Equation 9.2 Optimal spending for finite horizon

ĉ
ĉ

ĉ
t T

1 1

Equation 9.3 Bequest function

b
w
b

(U Bequest )

1

1

.  

$1,000,000

40%

2

2%

20%

4%

9%

20%

Starting wealth

Fraction in Roth IRA

Risk- aversion level

Rate of time preference

Average tax rate

Safe asset return

Stock market expected return

Stock market risk

Inflation Rate 2%

Table 9.2 Assumptions Behind Sam’s Optimal Investment and Spending 

Policy

1
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Exhibit 9.1   Spending and Investing Rules and Spending and Portfolio Value 

Statistics



Table 9.3 Sam: Fixed Spending vs Utility Optimal Variable Spending 

(60% in US Stocks, 40% in T- Bills)

S&P 500  
Return

Wealth  
5%  

Spending  
Rule

Fixed  
Real  

Spend  
per 5% 

 Rule

Wealth  
Utility  

Opt Plan

Utility  
Opt  

Spend

Utility  
Opt  

Spend

1999 $1,000,000 $1,000,000

2000 -9.7% $916,247 $50,000 $923,019 4.3% $42,979

2001 -11.8% $809,334 $51,693 $826,041 4.4% $40,618

2002 -21.6% $662,400 $52,496 $690,400 4.5% $37,211

2003 28.2% $713,782 $53,743 $772,316 4.6% $31,831

2004 10.7% $707,082 $54,753 $789,537 4.7% $36,436

2005 4.8% $679,762 $56,536 $785,175 4.8% $38,108

2006 15.8% $692,503 $58,467 $831,956 4.9% $38,765

2007 5.1% $660,027 $59,952 $824,263 5.0% $42,007

2008 -36.8% $465,904 $62,399 $609,412 5.2% $42,555

2009 26.4% $467,423 $62,456 $668,782 5.3% $32,164

2010 15.1% $439,705 $64,156 $689,873 5.4% $36,078

2011 1.9% $378,901 $65,116 $659,343 5.5% $38,032

2012 16.0% $341,855 $67,045 $682,056 5.6% $37,139

2013 32.3% $326,729 $68,212 $767,510 5.8% $39,247

2014 13.5% $278,446 $69,236 $781,187 5.9% $45,108

2015 1.2% $210,632 $69,760 $741,150 6.0% $46,885

2016 12.0% $151,759 $70,269 $752,218 6.1% $45,417

2017 21.7% $90,889 $71,727 $800,819 6.3% $47,056

2018 -4.6% $17,272 $73,239 $733,649 6.4% $51,131

2019 31.2% $0 $17,272 $814,514 6.5% $47,802

2020 18.3% $0 $0 $844,134 6.6% $54,149

2021 28.7% $0 $0 $922,212 6.8% $57,249

2022 -18.2% $0 $0 $884,418 6.9% $56,344

Avg Equity  

Return

7.84%

Avg T-Bill 

Return

1.36%

Avg Inflation 2.51%

Total Spending $1,198,528 $984,314

Total 

Spending + 

Wealth at End

$1,198,528 $1,868,733
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Spending Like You’ll 
Live Forever
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Table 10.1 Investment Environment and Policy Assumptions

Long-term risk-free real rate 0%

Expected real return on a well-chosen mix 6%

of public and private market risky assets

Risky assets annual variability of returns 18%

Endowment asset allocation

90% in risky assets

10% in risk-free assets

Endowment expected return 5.4%
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Exhibit 10.2  Policy 2: Spend a Fixed Annual Percentage of the Endowment 

Value Equal to the Expected Return of the Portfolio
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Table 10.2  Comparing Spending Rules: Size of Endowment Needed to 

Generate Equal Welfare Over 100 Years Under Different Spending Policies

Rule 1: Spend 
$5.40 per annum

Rule 2: Spend 
5.4% per annum

Rule 3: Spend 
4.1% per annum

$172 $152 $100
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Exhibit 11.1  Longevity Probabilities for 65-year-old Female From US Social 

Security Mortality Tables (2015)
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Excess Return, 75% Annual Standard Deviation, 5-year Horizon
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Investing in a World 
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Table 16.1 Base-Case Investor Assumptions
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Exhibit 16.1 Contribution of Puts Versus Portfolio Leverage: Increase in  

Risk-adjusted Return for Optimal Portfolios With Versus Without Put Options
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Tax Matters

Current Equity Allocation 75% Horizon (years) 20

Unrealized Gains % of Portfolio 50% Risk-free Rate 3%

Capital Gains Tax Rate Today 30% Stock Market Expected Return 6%

Capital Gains Tax Rate at Horizon 30% Stock Market Risk 20%

Tax on Equity Dividends 30% Stock Market Dividend Rate 2%

Tax on Interest 50% Investor Risk-Aversion (CRRA) 2

Future Value of Capital Losses
*

0

*If a capital loss arises at the horizon, for simplicity we assume the investor derives no

future value from this loss as a carryforward.

10%

15%

20%

25%

30%

35%

40%

45%

0% 5% 10% 15% 20% 25% 30% 35% 40% 45% 50% 55% 60% 65% 70% 75% 80% 85% 90% 95% 100%

In
cr

ea
se

 in
 C

er
ta

in
ty

-e
qu

iv
al

en
t W

ea
lth

Equity Allocation

C
ur

re
nt

 A
llo

ca
tio

n

O
pt

im
al

 A
llo

ca
tio

n

Amount to Sell 

Exhibit 17.1  How Much Appreciated Asset to Sell?
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Exhibit 18.1  Multi-Round Ellsberg Experiment: $100 Prize for Choosing 

Red Ball, Choosing 100 Rounds from Urn A or from Urn B, Urn A: 50 Red  

and 50 Black Balls, Urn B: 100 Balls, Uniformly Likely Combinations of 0—100  

Red and Rest Black
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Table 18.1
Asset A Asset B

Horizon
Opt  

Alloc

Return  
of  

Exp  
Price

Exp  
Comp  

Return Vol
Opt 

Alloc

Return  
of  

Exp  
Price

Exp  
Comp  

Return Vol

1y 62.5% 5.0% 3.0% 20.0% 62.2% 5.0% 3.0% 20.1%

5y 62.5% 5.0% 3.0% 20.0% 60.9% 5.1% 3.0% 20.5%

10y 62.5% 5.0% 3.0% 20.0% 59.5% 5.2% 3.0% 21.0%

30y 62.5% 5.0% 3.0% 20.0% 54.5% 5.6% 3.0% 22.8%

100y 62.5% 5.0% 3.0% 20.0% 44.5% 6.3% 3.0% 28.2%
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 is the expected growth of the economy,  is the variability in that 

growth,  is the coefficient of risk- aversion, and  is the time preference 

of the representative individual.

rbond 1

2

2

rstock 1

2

2

Equity Risk Premium r rstock bond  
2
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Interest Rates
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Exhibit 22.1  How Much to Wager on a Digital Asset as Payout Becomes More 

Favorable: Investor with CRRA Utility Risk-aversion 2
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Haghani747918_c23.indd   311 07/06/2023   11:12:24 AM

–100%

–50%

0%

50%

100%

150%

–50% –40% –30% –20% –10% 0% 10% 20% 30% 40% 50%

R
et

u
rn

Index Return

Un-leveraged investment in index

3x Leveraged Long ETF Predicted Return

–20% Return on
George's ETF

22% index return needed
for 3xETF to outperform 

Exhibit 23.1 3x Leveraged Long ETF Predicted Return Versus Unleveraged 

Index Return: George’s 1.25-year horizon. S&P 500 Volatility = 28%

Table 23.1 

Leverage  
Ratio

Compound  
Return  

per Annum  
(nominal)

Risk per  
Annum

End Value  
of $1

Maximum  
Peak- to-  
Trough  

Drawdown

0.50 7.1% 9.5% $682 –55%

0.75 8.6% 14.2% $2,437 –73%

1.00 9.8% 19.0% $7,059 –84%

1.50 11.0% 28.5% $19,503 –95%

2.00 11.1% 38.1% $22,882 –98.5%

3.00 8.5% 57.7% $2,233 –99.9%

4.00 1.7% 78.4% $4.79 –99.999%

5.00 –infinity 170.7% $0.00 –100.000%

The table assumes daily rebalancing, no transaction costs, no fees, no market impact, bor-

rowing at 3- month T- bill rates +1%. Attentive readers will notice the maximum loss of 

84% in the case of the 1.0 leverage ratio, which is smaller than the near 90% loss we have 

referred to previously. The difference is that here we are measuring total returns including 

dividends, while the near 90% loss is exclusive of dividends.
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A Few Rules of Thumb	

Symbols and assumptions

•• W  is wealth

•• c is consumption as a fraction of wealth per unit time

•• k is the fraction of wealth allocated to the risky asset

••
ˆk is the optimal allocation

••  is coefficient of risk-aversion in CRRA utility (for wealthy investors above 

subsistence typically 2–3, the higher the more risk-averse)

•• rrf  is safe asset return (for long-term US investors, real yield of

long-term TIPS)

•• rtp is the investor’s rate of time preference (typical values 0%–4%)

••  is expected excess return of risky asset above safe asset return (for broad 

equity markets typically 3%–6%, expressed as arithmetic expected return)

•• is the variability of risky asset expressed as standard deviation of returns

(for broad equity markets typically 15%–20%)
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ents, he can usually be found out climbing, hiking, eating, or traveling 

somewhere that nicely incorporates all three.
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Praise for The Missing Billionaires

This is a marvelous book that importantly extends the literature on 

financial decision-making. The authors creatively weave together the 

essence of practical considerations with insightful academic theory. One 

of a small handful of books that is timeless and should be read and reread 

over a lifetime for enjoyment and substance.

—Gary P. Brinson, CFA, Author, and  

Founder of Brinson Partners

The missing billionaires in the book’s title allude to the difficulty of 

keeping already-made fortunes. Believing that nobody should get rich 

twice, Victor and James arm investors with lessons galore, drawn from 

their long practitioner careers. Yet the core lessons come from academia, 

and this wonderful book gives the best shot for Expected Utility and 

lifecycle models to finally become widely used in real-world investment 

decision-making. Uniquely, this book puts position sizing in the center, 

showing through many illustrations how “too much of a good thing” 

can be just too much.

—Antti Ilmanen, Principal at AQR Capital,  

Author of Expected Returns

The Missing Billionaires addresses a topic that gets far too little attention 

in the investment community: how much to invest. The book is a 

terrific blend of theory, practice, and stories from the front lines. This is  

must-reading for anyone seeking to invest and spend wisely.

—Michael Mauboussin, Author and Head of  

Consilient Research, Morgan Stanley

I enjoyed and learned from Victor and James’ book on incorporating 

uncertainty directly into making better financial decisions. Rightly so, 

for them, risk is front and center. This book is a great education for all 

of us, seamlessly marrying sophisticated theory with applications, dem-

onstrating the beauty of a risk architecture that combines specificity 

with illuminating implementations into the lifetime wealth manage-

ment problem.

—Myron S. Scholes, Frank E. Buck Professor of Finance,  

Emeritus, Stanford Graduate School of Business,  

Nobel Laureate in Economic Sciences
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